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We define threshold disentanglement (TD) as the level above which entanglement must be main-
tained for later use and calculate the values of quantum system parameters at t = 0 that will
ensure that the threshold is not crossed in a specified time. An important issue is the possibility of
non-smooth, typically non-exponential, decay of entanglement into the state of complete disentangle-
ment (CD). Given a specified operation time τ , we determine phase diagrams showing entanglement
preservation during the evolution of a generic two-qubit mixed state as a function of selected initial
parameters such as concurrence and excitation probabilities. In other words, disentanglement can
be pre-managed through these parameters. Three common relaxation processes - amplitude, phase
and depolarization - are considered.
PACS numbers: 03.65.Ud, 03.65.Yz, 42.50.Pq
I. INTRODUCTION
Preservation of memory is an important goal for every
kind of coherent quantum process. The type of control
that this implies becomes more difficult in cases involving
multi-particle cooperation, typically including entangle-
ment in some way. Preservation of entanglement is often
an important goal itself. Since dissipation processes in-
duced by natural environments will eventually or quickly
take entanglement all the way to zero, two related crite-
ria emerge for consideration. These are (a) the minimum
degree of entanglement that is still “useful”, setting a
lower bound for entanglement, a threshold disentangle-
ment (TD) value that must not be crossed, and (b) the
length of time during which this useful level must be
maintained. For example, in order for a quantum com-
putation task to be successful, the decay time to reach
the low entanglement threshold must be longer than the
time scale for computation.
Natural environments induce well-known single-party
decoherence times (T1, T2, etc.), but these are often not
helpful or even highly misleading because it is well known
that disentanglement can, and often does, proceed by its
own distinct evolution channel and is notoriously able,
in only a finite time, to reach complete disentanglement
(CD), colloquially known as entanglement sudden death
[1, 2]. Clearly a CD event may possibly violates the TD
value at a given time. This has led a number of entangle-
ment restoration methods to be proposed, using schemes
of local unitary operations [3], quantum error correction
[4], feedback control [5], dynamical decoupling [6], and
environment assisted error correction [7], in order to con-
trol and restore entanglement during environmental ex-
posure. The proposals [3–6] have shown that while these
schemes may delay or even avert the occurrence of CD in
some cases, they may also counter-intuitively accelerate
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or even induce CD. The proposal by Zhao, et al. [7] relies
on finding random unitary or non-random unitary Kraus
decompositions, which are relatively difficult to achieve
and are absent for universal decay channels. Proposals
of entanglement preservation based on dynamical single-
qubit population trapping have also been presented via
the exploitation of structured quantum environments or
suitable classical environments [8] and experimental con-
firmation has also been realized [9].
A second category of strategies is disentanglement pre-
vention, in which specific setups are made before the
disentanglement process. One typical approach of this
category is to establish a decoherence free subspace [10–
12], which requires either increasing the number of non-
computing redundant qubits to create certain symmetry,
or some engineering of the system or reservoir with se-
rious external contacts. Another approach is to control
disentanglement through initial conditions, i.e., during
the state preparation process. Isolated connections be-
tween CD time and initial conditions have been identified
extensively (see for example [13–24] and a review [1]).
Huang and Zhu derived the necessary and sufficient con-
ditions for CD for a generic two-qubit state under ampli-
tude damping and phase damping channels through the
positivity requirement of seven principal minors of a 4×4
matrix [25]. Fanchini et al. [26] have extended the results
of Huang and Zhu to more general dissipative Hamiltoni-
ans. However, such CD conditions engage almost every
matrix element of a given two-qubit initial state through
various matrix transformations, and are extremely com-
plex to control in reality.
Recently, we have shown that the susceptibility to CD
can be controlled via initial entanglement and purity for
a simple type of two-qubit states that undergo symmetric
amplitude damping dissipation [27]. This opens the pos-
sibility of pre-managing disentanglement properties with
just a few controllable initial resources. Yang et al. [28]
followed this by showing that the CD pre-management
procedure is also viable for extended Werner-like initial
states. However, for practical situations, initial states
2may be arbitrarily mixed and decay channels can be
rather versatile and complex. An open challenge arises:
is it still possible to manage CD with only limited control-
lable initial parameters for practical complex situations.
A further question follows naturally: is it also possible to
include the threshold disentanglement condition within
the control process?
An important complication is that even for the simple
case of X-form matrices (first systematically considered
by Yu and Eberly [19]), the CD time can only be found for
specific types of states, such as Werner-like states, ansatz
states, etc., or symmetric reservoir interactions (see for
example [13, 19–24]). The complication is mainly due
to the fact that the disentanglement process, as well as
measures of entanglement such as Schmidt weight [29],
concurrence [30], negativity [31], etc., are usually non-
linear functions of time for given initial conditions. This
is because these non-linear dependences usually corre-
spond to higher order linear equations that are difficult
to solve analytically (see our detailed analysis in section
III). For example, no analytic CD time is obtained for
arbitrary X-form states with non-symmetric amplitude
damping and depolarization channels.
However, here we make use of the fact that such dif-
ficulties can be avoided if one considers the inverse of
the problem. That is, we will obtain the state’s ini-
tial conditions for an arbitrarily given CD or TD time.
This corresponds to practical situations when a par-
ticular quantum information task requires CD or TD
to happen no earlier than a prescribed time τ . Thus,
in this paper we extend our previous analysis of CD
pre-management [27] by considering arbitrary two-qubit
mixed states, and by treating non-symmetric damping of
the two qubits for three different quantum channels, i.e.,
amplitude damping, phase damping, and depolarization.
At the same time, we show explicitly for the first time the
pre-management of threshold disentanglement properties
and illustrate their connections with CD.
We first analyze the entanglement dynamics of an arbi-
trary X-form two-qubit mixed state. Exact CD-free, CD-
no-go, CD-tolerable, TD-no-go, and TD-tolerable phases
are explicitly determined in terms of several initial pa-
rameters, i.e., concurrence and excitation probabilities.
Two types of intuitive and counter-intuitive situations
are discussed. We then extend the static entanglement
lower bound relation for X-form matrices, developed re-
cently by Ma et al. [32] and Hashemi Rafsanjani et
al. [33], to the dynamical evolution of the state. We show
that CD and TD phase critical conditions of a generic
state are lower bounded by these of its X-form compo-
nent. Therefore the control of different CD and TD prop-
erties of a general complex mixed state can be realized
sufficiently through just a few initial parameters of its
X-form component.
The paper is organized as follows: In section II, we
demonstrate the time evolution of a generic two qubit
state under three quantum channels. The dynamics of X-
form mixed states are shown explicitly. Section III gives
a detailed demonstration of CD and TD phases for X-
form states in all three quantum channels. In section IV,
the static entanglement lower bound conditions between
the X-form and the entire matrix is generalized to the
dynamical process, and is then used to determine the
lower bounds of CD and TD phases for the generic time
dependent state. It is then followed by summary and
acknowledgement sections.
II. INITIAL STATE AND TIME EVOLUTION
In spite of the rapid development of multi-partite and
multi-dimensional entanglement studies recently (see for
example [34–36], and references therein), qubit-qubit en-
tanglement remains as the central element for most quan-
tum information and quantum computation technologies
[37, 38]. In practice, real state preparations may be in-
evitably deviated from ideal target states. Therefore, we
consider the most general form of a prepared two-qubit
(A and B) mixed initial state, i.e.,
ρ(0) =


ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

 , (1)
which is expressed in the standard basis: |e〉A|e〉B,
|e〉A|g〉B, |g〉A|e〉B, |g〉A|g〉B. Here |e〉 and |g〉 are usually
interpreted as excited and ground states of qubits A, B.
It is obvious that such a matrix can always be decom-
posed into a sum of X-form and O-form matrices, i.e.,
ρ(0) = X(0) +O(0). Here
X(0) =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44

 , (2)
and its non-zero matrix elements form an “X” shape, and
O(0) =


0 ρ12 ρ13 0
ρ21 0 0 ρ24
ρ31 0 0 ρ34
0 ρ42 ρ43 0

 (3)
contains the remaining non-zero matrix elements that
form an “O” shape.
Another important practical aspect is the decoherence
effect caused by unavoidable environmental interactions
after state preparation. For a relatively complete illustra-
tion, we study three most commonly considered quantum
channels, i.e., amplitude damping, phase damping and
depolarization, that represent various physical system-
reservoir interactions.
We consider the case when each qubit is independently
interacting with a local reservoir. Then the evolution
of the two-qubit initial state can be straightforwardly
described by Kraus operator representations [37], i.e.,
ρ(t) =
∑
i=1
Ki(t)ρ(0)K
†
i (t), (4)
3where the joint Kraus operatorsKi(t), satisfying the rela-
tion
∑
iKi(t)K
†
i (t) = 1, correspond to all possible tensor
products of individual Kraus operators of qubits A, B,
i.e., Ki(t) = K
A
m ⊗KBn . Here KAm and KBn represent all
possible Kraus operators for qubits A and B respectively.
In the following we will demonstrate explicitly for all
three quantum channels the evolution of X-form state (2),
which is a valid density matrix by itself. So we denote the
initial state with ρX(0), and the time dependent state is
obtained as ρX(t) =
∑
i=1Ki(t)ρX(0)K
†
i (t).
A. Amplitude Damping
An amplitude damping channel can schematically
model physical processes such as spontaneous emission,
spin chain Heisenberg interactions, etc. It describes a sit-
uation of energy dissipation from the excited state of a
two level system to its ground state. The corresponding
Kraus operators for such a damping qubit, e.g., qubit A,
are given as
KA0 =
( √
qa 0
0 1
)
, KA1 =
(
0 0√
pa 0
)
, (5)
where pa is the excitation-transfer probability that grows
from 0 to 1 irreversibly, and qa = 1 − pa denotes the
probability that qubit A remains in its excited state. The
Kraus operators for qubit B are characterized similarly
with a decay probability qb.
By applying the Kraus operators (5) to the initial state
ρX(0) one obtains the explicit time evolution as
ρX(t) =


ρ11(t) 0 0 ρ14(t)
0 ρ22(t) ρ23(t) 0
0 ρ32(t) ρ33(t) 0
ρ41(t) 0 0 ρ44(t)

 , (6)
where ρ11(t) = ρ11qaqb, ρ22(t) = ρ11qapb+ρ22qa, ρ33(t) =
ρ11paqb + ρ33qb, ρ44(t) = ρ11papb + ρ22pa + ρ33pb + ρ44,
ρ14(t) = ρ
∗
41(t) = ρ14
√
qaqb, and ρ23(t) = ρ
∗
32(t) =
ρ23
√
qaqb. One notes that as time goes to infinity, the
population will be transferred completely into the ground
state, i.e., the matrix element ρ44(t).
B. Phase Damping
A phase damping channel characterizes noisy processes
where relative phase coherence in a system decays over
time due to perturbation. It models various physical sit-
uations such as photon scattering in a waveguide, elec-
tronic state perturbations in an atom, etc. The Kraus
operators for a phase damping qubit are given as, say for
qubit A,
KA0 =
(
1 0
0
√
qa
)
,KA1 =
(
0 0
0
√
pa
)
, (7)
where pa is the probability that the system has been scat-
tered off by the reservoir, qa is the probability remain
unchanged. The Kraus operators of qubit B has a scat-
tering probability pb.
Given the Kraus operators, the time evolution of the
initial state ρX(0) under phase damping can be easily
obtained as
ρX(t) =


ρ11 0 0 ρ14(t)
0 ρ22 ρ23(t) 0
0 ρ32(t) ρ33 0
ρ41(t) 0 0 ρ44

 , (8)
where ρ14(t) = ρ
∗
41(t) =
√
qaqbρ14, and ρ23(t) = ρ
∗
32(t) =√
qaqbρ23. Since the phase damping perturbation only
causes off-diagonal coherence loss, the diagonal terms re-
main fixed in the time dependent state.
C. Depolarization
Depolarization is another important type of decoher-
ence channel that describes physical situations when a
system (qubit) suffers bit flip and phase flip errors from
environmental interactions. It is a process in which
a qubit density matrix remains intact with probability
1 − p, and changes into a completely unpolarized (de-
polarized) state 1ˆ/2 with probability p ∈ [0, 1]. Here 1ˆ
represents a unit matrix. For a depolarizing qubit A,
there are four Kraus operators,
KA0 =
√
qa1ˆ,K
A
1 =
√
pa/3σ1,
KA2 =
√
pa/3σ2,K
A
3 =
√
pa/3σ3, (9)
where pa = 3p/4 is a re-scaled probability, qa = 1 − pa,
and σi with i = 1, 2, 3 are the usual Pauli matrices. The
Kraus operators of qubit B has a re-scaled depolarizing
probability pb.
One then can straightforwardly achieve the time de-
pendence of the X-form initial state ρX(0) under depo-
larization channel, i.e.,
ρX(t) =


ρ11(t) 0 0 ρ14(t)
0 ρ22(t) ρ23(t) 0
0 ρ32(t) ρ33(t) 0
ρ41(t) 0 0 ρ44(t)

 , (10)
where ρ14(t) = ρ
∗
41(t) = ρ14f0(t), ρ23(t) = ρ
∗
32(t) =
ρ23f0(t), and

ρ11(t)
ρ22(t)
ρ33(t)
ρ44(t)

 =


f1(t) f2(t) f3(t) f4(t)
f2(t) f1(t) f4(t) f3(t)
f3(t) f4(t) f1(t) f2(t)
f4(t) f3(t) f2(t) f1(t)




ρ11
ρ22
ρ33
ρ44

 .
(11)
Here we have set f0(t) = qaqb−qapb/3−paqb/3+papb/9,
f1(t) = (1+2qa+2qb+4qaqb)/9, f2(t) = (2pb+4qapb)/9,
f3(t) = (2pa + 4paqb), and f4(t) = 4papb/9. We see
that the time dependent matrix ρX(t) will evolve into a
completely unpolarized state 1ˆ/2 as time goes to infinity.
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FIG. 1: Schematic illustration of two types of two-qubit ma-
trices. For convenience the height of the cuboid represents the
modulus of each matrix element. Plots (a) and (b) illustrate
the Φ type (QΦ ≥ QΨ) and Ψ type (QΨ > QΦ) of two-qubit
matrices respectively.
We have shown that for all three channels the time
evolution of the initial state ρX(0) retains an “X” form
[13, 19–24]. This property plays an important role for
the analysis of CD and TD phases in following sections.
III. DISENTANGLEMENT PHASES FOR
X-FORM MIXED STATES
We now analyze the entanglement dynamics of the X-
form initial state ρX(0), under all three channels, by fo-
cusing on the question: how do initial conditions affect
the properties of both CD and TD.
The degree of entanglement, i.e., concurrence [30], for
ρX(0) takes a very compact form [19],
C0 = max{QΦ, QΨ, 0}, (12)
where
QΦ = 2(|ρ14| − √ρ22ρ33),
QΨ = 2(|ρ23| − √ρ11ρ44). (13)
There is zero initial entanglement, i.e., C0 = 0, when
QΦ < 0 and QΨ < 0. Obviously, this is not an interesting
case, and so we will consider cases when either QΦ or
QΨ is positive (matrix positivity does not allow both of
them to be positive simultaneously). Then the initial
concurrence is expressed conveniently as C0 = QΦ for
QΦ ≥ QΨ, or C0 = QΨ when QΦ < QΨ.
Accordingly, we call the X-formmatrix (2) as well as its
generic mother matrix (1) as a Φ matrix if QΦ ≥ QΨ, or a
Ψ matrix otherwise. Fig. 1 gives a schematic illustration
of both types of matrices. In practice, a slightly imperfect
preparation of a Φ-like or Ψ-like Bell state may lead to
the generation of such a Φ or Ψ matrix.
A. Amplitude Damping
For amplitude damping, the time evolution of the ini-
tial state ρX(0) is given in Eq. (6). Since it retains the
X form, the time dependent concurrence can be simply
obtained as C(t) = max{QΦ(t), QΨ(t), 0}, where
QΦ(t) = 2
√
qaqb(|ρ14| −
√
∆(t) + ρ22ρ33), (14)
QΨ(t) = 2
√
qaqb(|ρ23| −
√
∆(t) + ρ11ρ44), (15)
and
∆(t) = ρ11(ρ11papb + ρ22pa + ρ33pb). (16)
The irreversible damping process indicates that the prod-
uct qaqb is decreasing while the parameter ∆(t) is increas-
ing with time. This guarantees the decay of both QΦ(t)
and QΨ(t). Thus one has the time dependent concur-
rence, C(t) = max{QΦ(t), 0} and C(t) = max{QΨ(t), 0}
for Φ and Ψ type of initial states respectively.
In the following two subsections, we analyze the dis-
entanglement properties of the two (Φ and Ψ) types of
X-form initial states respectively. We set xij =
√
ρiiρjj
and yij = ρii+ρjj with i, j = 1, 2, 3, 4 for the convenience
of notations hereafter.
1. Φ type of X-form initial state
For Φ type of X-form initial state, of which C0 = QΦ,
the matrix positivity requires QΦ/2 ≤ x14 − x23. This
physical restriction can be transformed in terms of the
double excitation probability D ≡ ρ11, and leads to the
relation: DminΦ ≤ D ≤ DmaxΦ , where the physical bound-
aries are given as
2DminΦ = 1− y23 −
√
(1− y23)2 − (QΦ + 2x23)2,
2DmaxΦ = 1− y23 +
√
(1− y23)2 − (QΦ + 2x23)2.(17)
Fig. 2 illustrates the behaviors of DmaxΦ and D
min
Φ with
respect to QΦ by the upper red and lower blue solid lines
respectively. The two boundary lines connect when D =
(1 − y23)/2 and QΦ takes its maximum value QmaxΦ =
1− y23 − 2x23.
From (14), the condition to have CD is obtained as
∆(t) + x223 ≥ |ρ14|2. Thus there is no CD at any time
if ∆max(t) + x
2
23 ≤ |ρ14|2, where ∆max(t) is the max-
imum value of ∆(t) and is achieved when pa, pb take
their maximum value 1 (usually correspond to t = ∞).
This CD-free condition can be re-expressed in terms of
the double excitation as
D ≤ Df
Φ
=
(√
y223 +Q
2
Φ
+ 4x23QΦ − y23
)
/2. (18)
Here Df
Φ
is the CD-free critical value controlled only by
the system initial parameters QΦ, ρ22, and ρ33, and is
independent of the time dependent channel characteristic
parameters qa and qb that describe reservoir interactions.
The behavior of Df
Φ
is illustrated in Fig. 2 by the
black solid line, which crosses the minimum physical
50 QΦ
DΦ
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QΦ
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FIG. 2: Disentanglement phase diagram with respect to dou-
ble excitation probability D and entanglement QΦ (C0) for Φ
type of X-form initial state under amplitude damping channel.
The CD-free critical value Df
Φ
is illustrated by the black solid
line. The CD-tolerable (DtΦ) and TD-tolerable (D
tv
Φ ) critical
values are illustrated by the black dashed and dot-dashed lines
respectively for γa = γb = γ, τ = 2/3γ, and Ctv = 0.1. The
green zone (regions i and iii), yellow zone (regions ii and iv),
and red zone (region v) are CD-free (safety), CD-tolerable
(caution), and CD-no-go (danger) phases respectively. Re-
gions ii and iii form the TD-tolerable phase, and regions i,
iv, v form the TD-no-go phase. The overlap region iii is the
optimal robust phase.
boundary DminΦ when QΦ =
√
2x223 + Λ − 2x23, and
2D =
√
y223 − 2x223 + Λ − y23, with 2Λ = 1 − 2y23 ±√
(1− 2y23)2 − 8x223. From condition (18), the region
below Df
Φ
in Fig. 2 is obviously CD free and everywhere
above is CD susceptible. One can easily imagine that
these two CD phases are manageable by only adjusting
the initial parameters D, ρ22, ρ33, and QΦ.
We further analyze the CD onset condition, i.e.,
QΦ(t) = 0. A typical conventional approach is to solve
this equation for t to determine the CD time tCD by tak-
ing the single qubit channel dissipation, for example, as
an exponential decay process, i.e., pk = pk(t) = 1−e−γkt
with γk (k = a, b) as the decay constants for qubits A,
B respectively. Then the CD time can be determined as
tCD = ln s, where s is the real positive solution of the
linear equation
0 = [ρ11(1− ρ44) + ρ22ρ33 − |ρ14|2]sγa+γb
−ρ211 − ρ11ρ22sγa − ρ11ρ33sγb . (19)
Obviously, such a linear equation can be solved for sym-
metric dissipation channels, i.e., γa = γb. However for
any non-symmetric cases, i.e., γa 6= γb, it will be ex-
tremely complicated if not impossible to achieve analyt-
ical solutions.
Here we consider practical situations when a quantum
information task can tolerate CD if it happens after a
prescribed time τ that is determined by intrinsic com-
putation and operation time scales. CD that happens
earlier than τ may be considered as harmful and is a
no-go region. Then we are able to avoid the difficulty
to obtain CD onset time by taking the inverse approach,
i.e., solving the initial conditions for arbitrary excitation-
transfer probabilities pk(τ) at a given time τ . In this way
the CD-tolerable condition tCD ≥ τ can be expressed in
terms of the double excitation D bounded by its critical
value DtΦ, i.e., D ≤ DtΦ with
DtΦ =
√(
ρ22
2pb(τ)
− ρ33
2pa(τ)
)2
+
(QΦ + 2x23)2
4pa(τ)pb(τ)
− ρ22
2pb(τ)
− ρ33
2pa(τ)
. (20)
One notes that DtΦ is also controlled by the initial sys-
tem parameters ρ22, ρ33, and QΦ when the tolerable time
scale τ is given. Note that pa(τ) = 0 and pb(τ) = 0 are
singularities of DtΦ and they represent single-channel dis-
sipation cases. The disentanglement properties of those
situations are similar to the two-channel case and will
not be addressed in detail here.
For demonstration, we also take the usual exponential
decay assumption, i.e., pk(t) = 1 − e−γkt. Then the be-
havior of DtΦ is illustrated in Fig. 2 by the dashed line
with γa = γb = γ (just for convenience) and τ = 2/3γ.
In Fig. 2, the green zone (regions i and iii) is the CD-
free phase, and is considered as the safety phase with
tCD = ∞. One notes that DtΦ splits the CD susceptible
area into two zones. The yellow zone (regions ii and iv)
is the CD-tolerable (caution) phase in which CD occurs
only after the tolerable time scale, i.e., tCD ≥ τ . The red
zone (region v) is the CD-no-go (danger) phase in which
CD happens before τ , where state preparations should
avoid. We remark that the situations when γa, γb and τ
are arbitrary will give qualitatively similar behaviors as
predicted by Eq. (20), and the yellow CD-tolerable region
will increase with the decrease of γa, γb and τ .
For a complete illustration of disentanglement man-
agement, we consider further another important prac-
tical situation, i.e., some quantum information schemes
may require the existing entanglement (e.g., in terms of
concurrence) to stay above a non-zero threshold value
Ctv before the tolerable time τ . We call this a threshold
disentanglement process, and the condition to meet this
requirement is QΦ(τ) ≥ Ctv, where QΦ(τ) is given in Eq.
(14) for time τ . This relation can be simply transformed
into an inequality in which the initial double excitation
D is bounded by a critical value DtvΦ , i.e., D ≤ DtvΦ with
DtvΦ =
√(
ρ22
2pb(τ)
− ρ33
2pa(τ)
)2
+
(QΦ + 2x23 − δ)2
4pa(τ)pb(τ)
− ρ22
2pb(τ)
− ρ33
2pa(τ)
. (21)
Here δ = Ctv/
√
qa(τ)qb(τ) is a shift term comparing to
the CD-tolerable critical value DtΦ. One notes that D
tv
Φ
is controlled by the initial system parameters ρ22, ρ33,
60 QΦ QΦ
max
D
I-2
I-1
CI-1
CI-2
FIG. 3: The first type of intuitive and counter-intuitive CD
regions with respect to initial entanglement C0 (QΦ). The
black dashed line represents the CD-tolerable critical value
DtΦ and crosses with a vertical dotted line. The states of
regions I-1 and CI-1 are in the CD-no-go phase with relatively
earlier CD than the states in CD-tolerable phase, i.e., regions
I-2 and CI-2. I-1 and I-2 form a pair of intuitive regions, and
CI-1 and CI-2 form a pair of counter-intuitive regions.
and QΦ in the same fashion as D
t
Φ. The behavior of
DtvΦ is illustrated by the dot-dashed line in Fig. 2 with
γa = γb = γ, τ = 2/3γ and Ctv = 0.1. Regions ii, iii
form the TD-tolerable phase with the time ttv to reach
threshold value Ctv longer than the tolerable time scale,
i.e., ttv ≥ τ , and regions i, iv, v form the TD-no-go phase
with ttv < τ .
There are two types of intuitive and counter-intuitive
disentanglement situations. The first type concerns CD
(and TD) properties with respect to initial entanglement
C0 (QΦ). As shown in Fig. 3, regions I-1 and I-2 are a
pair of intuitive CD regions where states with less (more)
initial entanglement decays to zero earlier (later), and
regions CI-1 and CI-2 are a pair of counter-intuitive CD
regions where states with less (more) QΦ reach CD later
(earlier). Similarly, the intuitive and counter-intuitive
regions of TD can also be identified with a vertical line
that crosses with the TD-tolerable critical line DtvΦ . The
second type concerns CD properties with respect to TD
properties, and is shown explicitly in Fig. 2. The counter-
intuitive states suffer earlier CD (region ii) reach the
threshold value later than those with longer CD time
(region i), and the intuitive situation where states are
relatively more robust against both CD and TD is shown
by region iii. Thus region iii is recognized as the optimal
robust phase.
From the above analysis, we conclude for Φ type X-
form initial state under amplitude damping noise, that
CD-free, CD-tolerable, CD-no-go, TD-tolerable, TD-no-
go, and optimal robust phases are fully manageable
through the initial system parameters D, ρ22, ρ33, and
QΦ when the tolerable time scale τ is given.
2. Ψ type of X-form initial state
For Ψ type of X-form matrix, one has the initial con-
currence C0 = QΨ. The matrix positivity requires the
relation QΨ/2 ≤ x23 − x14. This can be transformed in
terms of the single excitation probability S = ρ22 = ρ33,
and leads to the restriction: SminΨ ≤ S ≤ 1/2, where the
minimum physical boundary is given as
SminΨ = QΨ/2 +
√
ρ11ρ44. (22)
Here, without loss of generality, we have assumed ρ22 =
ρ33 for the convenience of our analysis. Fig. 4 illustrates
the behavior of SminΨ by the blue solid line as a function of
QΨ. Along this boundary, QΨ takes its maximum value
QmaxΨ = 1− 2x14 when S = 1/2.
From Eq. (15), one notes that the condition to have CD
is whenever ∆(t)+x214 ≥ |ρ23|2. Thus the CD-free condi-
tion is achieved as ∆max(t) + x
2
14 ≤ |ρ23|2, which can be
re-expressed in terms of the single excitation probability
bounded by its critical value Sf
Ψ
, i.e.,
S ≤ Sf
Ψ
=
4QΨ
√
ρ11 −Q2Ψ − 4ρ211
8ρ11
. (23)
Here Sf
Ψ
depends only on the system initial parame-
ters QΨ, ρ11, see illustration in Fig. 4 by the black
solid line. Its crossing with the physical boundary SminΨ
can be obtained straightforwardly through the equation
Sf
Ψ
= SminΨ . The green zone (regions i and iii) is the
CD-free (safety) phase with tCD = ∞ and everywhere
else is CD susceptible.
The CD onset relation is given as QΨ(t) = 0. Again,
it will be very difficult to determine analytically the CD
time tCD in most cases as shown by Eq. (19). Thus we
solve the inverse problem and express the CD-tolerable
condition tCD ≥ τ in terms of the initial single excitation
probability as S ≤ StΨ, where the CD-tolerable critical
value StΨ is given as
StΨ =
(QΨ + 2x14)
2 − 4x214 − 4ρ211pa(τ)pb(τ)
4ρ11 [pa(τ) + pb(τ)]
(24)
Obviously, it is controlled by the initial parameters QΨ,
ρ11, and ρ44 when the tolerable time scale τ is fixed.
To illustrate StΨ, we make the same assumption pk(t) =
1− e−γkt with k = a, b, and take γa = γb = γ, τ = 2/3γ
for convenience. The black dashed line in Fig. 4 rep-
resents the behavior of StΨ. It splits the CD-susceptible
zone into two, of which the yellow zone (regions ii and
iv) is the CD-tolerable (caution) phase with tCD ≥ τ
and the red zone is the CD-no-go (danger) phase with
tCD < τ . Again, situations for arbitrary γa, γb, and τ
are determined by (24), and these will have similar phase
diagrams, of which the yellow CD-tolerable region will
increase with the decrease of γa, γb, and τ .
We further consider threshold disentanglement, where
the TD-tolerable states are decided by the relation
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FIG. 4: Disentanglement phase diagram with respect to sin-
gle excitation probability S and entanglement QΨ (C0) for Ψ
type of X-form initial state under amplitude damping channel.
The CD-free critical value Sf
Ψ
is illustrated by the black solid
line. The CD-tolerable (StΨ) and TD-tolerable (S
tv
Ψ ) critical
values are illustrated by the black dashed and dot-dashed lines
respectively for γa = γb = γ, τ = 2/3γ and Ctv = 0.1. The
green zone (regions i and iii), yellow zone (regions ii and iv),
and red zone (region v), are CD-free (safety), CD-tolerable
(caution), and CD-no-go (danger) phases respectively. Re-
gions ii and iii form the TD-tolerable phase, and regions i,
iv , v form the TD-no-go phase. The overlap region iii is the
optimal robust phase.
QΨ(τ) ≥ Ctv. Again this relation is transformed into
the restriction S ≤ StvΨ , where
StvΨ =
(QΨ + 2x14 − δ)2 − 4x214 − 4ρ211pa(τ)pb(τ)
4ρ11 [pa(τ) + pb(τ)]
(25)
is the TD critical value for single excitation probability
with a shift of δ = Ctv/
√
qa(τ)qb(τ) comparing to the
CD tolerable critical value StΨ. The behavior of S
tv
Ψ is
illustrated by the dot-dashed line in Fig. 4 with γa =
γb = γ, τ = 2/3γ and Ctv = 0.1. Regions ii, iii form
the TD-tolerable phase with ttv ≥ τ , and regions i, iv, v
form the TD-no-go phase with ttv < τ .
Again, the first type of intuitive and counter-intuitive
CD and TD situations can be identified easily by com-
paring different regions separated by the crossing of a
vertical line with various disentanglement critical lines
(similar to Fig. 3). The second type is explicitly shown
in Fig. 4, where i and ii are a pair of counter-intuitive
regions where states suffer earlier (later) TD reaches CD
later (earlier). Region iii is the intuitive optimal robust
phase.
Consequently, CD-free, CD-tolerable, CD-no-go, TD-
tolerable, TD-no-go, and optimal robust phases of the
Ψ type X-form initial states are controllable through the
initial system parameters S, ρ11, ρ44, and QΨ.
As an intermediate conclusion, we have shown for
amplitude damping noise, that various disentanglement
phases can be managed through just a few system initial
parameters for X-form states.
B. Phase Damping
The time dependent state of the X-form initial state
ρX(0) for phase damping channel is given in Eq. (8).
The time dependent concurrence can be simply obtained
as C(t) = max{QΦ(t), QΨ(t), 0}, with
QΦ(t) = 2(|ρ14√qaqb| − √ρ22ρ33) (26)
QΨ(t) = 2(|ρ23√qaqb| − √ρ11ρ44) (27)
The irreversible decay of the product qaqb guarantees the
decreasing of both QΦ(t) and QΨ(t). Thus one has the
time dependent concurrence, C(t) = max{QΦ(t), 0} and
C(t) = max{QΨ(t), 0} for Φ and Ψ type of initial matri-
ces respectively. We analyze both situations explicitly in
the following two subsections.
1. Φ type of X-form initial state
For Φ type of X-form matrix, the initial concurrence
is simply given as C0 = QΦ, and the matrix positivity
requires QΦ/2 ≤ x14 − x23. We rewrite this physical
restriction in terms of the single excitation probability
S = ρ22 = ρ33, as 0 ≤ S ≤ SmaxΦ , where the maximum
boundary is given as
SmaxΦ = (1−QΦ)/4. (28)
Again, we have assumed ρ22 = ρ33 without loss of gener-
ality. The behavior of SmaxΦ is illustrated by the red solid
line in Fig. 5. Along this physical boundary line, QΦ
takes its minimum value QminΦ = 0 when S
max
Φ = 1/4, and
reaches its maximum value QmaxΦ = 1 when S
max
Φ = 0.
From (26), one immediately finds that CD free happens
only when ρ22ρ33 = 0, i.e., S = 0. Therefore the CD-free
region with tCD =∞ shrinks to just a line as illustrated
by the blue solid line Sf
Φ
= 0 in Fig. 5, and everywhere
else is CD susceptible.
The condition to have CD is whenever |ρ14√qaqb| =√
ρ22ρ33. One notes from (26) that for phase damping
channel CD onset time can be determined analytically.
For the purpose of the current paper we will consider the
inverse initial condition problem. The CD tolerable con-
dition tCD ≥ τ , i.e., |ρ14
√
qa(τ)qb(τ)| ≥ √ρ22ρ33, can be
transformed in terms of the single excitation probability
bounded by its critical value StΦ, i.e.,
S ≤ StΦ =
QΦ
√
qa(τ)qb(τ)
2[1−
√
qa(τ)qb(τ)]
. (29)
Obviously, StΦ is controlled by the initial entanglement
QΦ for any fixed tolerable time scale τ .
To illustrate various disentanglement phases, we again
assume pk(t) = 1 − e−γkt with k = a, b and take
γa = γb = γ for convenience. The behavior of S
t
Φ is
illustrated in Fig. 5 by the black dashed lines (a) and (b)
for τ equals 1/γ and 2/γ respectively. Taking τ = 1/γ as
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FIG. 5: Disentanglement phase diagram with respect to sin-
gle excitation probability S and entanglement QΦ (C0) for
Φ type of X-form initial state under phase damping channel.
The blue solid line Sf
Φ
= 0 denotes the CD-free phase. The
CD-tolerable critical value StΦ is illustrated by the dashed
lines (a) and (b) for τ takes 1/γ and 2/γ respectively. The
TD-tolerable critical value StvΦ is illustrated by the dot-dashed
line for τ = 1/γ and Ctv = 0.1. For τ = 1/γ, the yellow
zone (regions i, ii, iii and iv) and the red zone (region v)
are CD-tolerable (caution) and CD-no-go (danger) phases re-
spectively. Regions ii and iii form the TD-tolerable phase,
regions i, iv , v form the TD-no-go phase, and region iii is
the optimal robust phase.
an example, the yellow zone (regions i, ii, iii, and iv) is
the CD-tolerable phase with tCD ≥ τ , and the red zone
(region v) is the CD-no-go phase with tCD < τ . Again,
the yellow CD-tolerable region will decrease with the in-
crease of γa, γb and τ , see for example a lager value of
τ = 2/γ indicated by line (b). The crossing of the CD-
tolerable critical line with the maximum physical bound-
ary line can be simply computed by solving the equation
StΦ = S
max
Φ .
We now consider the threshold disentanglement situ-
ation. The TD-tolerable requirement is determined by
the relation QΦ(τ) ≥ Ctv. Again this relation can be
transformed into the restriction
S ≤ StvΦ =
(QΦ − δ)
√
qa(τ)qb(τ)
2[1−
√
qa(τ)qb(τ)]
, (30)
where StvΦ is the threshold critical value with a shift of
δ = Ctv/
√
qa(τ)qb(τ) comparing to the CD tolerable crit-
ical value StΦ, and it is also controlled by the initial en-
tanglement QΦ. The behavior of S
tv
Φ illustrated by the
dot-dashed line in Fig. 5 for γa = γb = γ, τ = 1/γ and
Ctv = 0.1. Regions ii, iii form the TD-tolerable phase
with ttv ≥ τ , and regions i, iv , v form the TD-no-go
phase with ttv < τ .
The first type of intuitive and counter-intuitive CD and
TD situations can be identified by comparing different
regions separated by the crossing of a vertical line with
various disentanglement critical lines (similar to Fig. 3).
The second type is shown in Fig. 5. Regions i and ii that
are separated by the crossing of StvΦ with line (b) illus-
trate the counter-intuitive situation, i.e., sates in region
ii suffer earlier CD but reach TD later than the sates in
region i. Region iii is the intuitive optimal robust phase
against both CD and TD.
Thus we have shown for Φ type of X-form initial state
under phase damping channel, that various CD and TD
phases are manageable through the initial parameters S,
and QΦ for any fixed tolerable time scale τ .
2. Ψ type of X-form initial state
For the Ψ matrix situation, i.e., C0 = QΨ, the ma-
trix positivity requires QΨ/2 ≤ x23 − x14. This can be
transformed in terms of the double excitation probabil-
ity D ≡ ρ11, i.e., 0 ≤ D ≤ DmaxΨ , where the maximum
physical boundary is given as
DmaxΨ = (
√
1−QΨ −√ρ44)2. (31)
Fig. 6 illustrates the behavior of DmaxΨ explicitly as a
function of QΨ by the red solid line. Along this boundary
line QΨ takes the maximum value Q
max
Ψ = 1 − ρ44 when
DmaxΨ = 0, and reaches the minimum value Q
min
Ψ = 0
when DmaxΨ = (1−
√
ρ44)
2.
Eq. (27) indicates that there is no CD when ρ11ρ44 = 0,
i.e., ρ11 = 0 or ρ44 = 0. Here we consider the CD-free
phase in terms of the double excitation probability, and
it is just a single line Df
Ψ
= 0 as illustrated by the blue
solid line in Fig. 6.
The CD tolerable condition tCD ≥ τ is determined by
the relation |ρ23
√
qa(τ)qb(τ)| ≥ √ρ11ρ44, which can also
be transformed in terms of the double excitation proba-
bility bounded by its CD-tolerable critical value DtΨ, i.e.,
D ≤ DtΨ =
Q2Ψqa(τ)qb(τ)
4[1−
√
qa(τ)qb(τ)]2ρ44
. (32)
It is controlled by the initial system parameters QΨ and
ρ44 for a given tolerable time scale τ .
For demonstration, we make the same exponential de-
cay assumption, i.e., pk(t) = 1 − e−γkt with k = a, b,
and take γa = γb = γ for convenience. Then the exact
behavior of DtΨ is illustrated in Fig. 6 by the dot-dashed
lines (a) and (b) for τ = 2/3γ and τ = 8/7γ respectively.
Taking τ = 2/3γ as an example, the yellow zone (regions
i, ii, iii, and iv) is the CD-tolerable phase with tCD ≥ τ ,
and the red zone (region v) is the CD-no-go phase with
tCD < τ . The yellow CD-tolerable region will decrease
with the increase of γa, γb and τ , see for example a lager
value of τ = 8/7γ indicated by line (b). The crossing of
the CD-tolerable critical line and the maximum physical
boundary line can be simply computed by solving the
equation DtΨ = D
max
Ψ .
We further consider the threshold disentanglement
case, where the TD-tolerable requirement is given as
90
0
D
QΨ Q
max
Ψ
DmaxΨ
i
ii
iii
iv
v
(a)
(b)
FIG. 6: Disentanglement phase diagram with respect to dou-
ble excitation probability D and entanglement QΨ (C0) for
Ψ type of X-form initial state under phase damping channel.
The blue solid line Df
Ψ
= 0 denotes the CD-free phase. The
CD-tolerable critical value DtΨ is illustrated by the dashed
lines (a) and (b) for τ takes 2/3γ and 8/7γ respectively.
The TD-tolerable critical value DtvΨ is illustrated by the dot-
dashed line for τ = 2/3γ and Ctv = 0.1. For τ = 2/3γ, the
yellow zone (regions i, ii, iii and iv) and red zone (region
v) are CD-tolerable (caution) and CD-no-go (danger) phases
respectively. Regions ii and iii form the TD-tolerable phase,
regions i, iv , v form the TD-no-go phase, and region iii is
the optimal robust phase.
QΨ(τ) ≥ Ctv, and it can be transformed into a restriction
of the double excitation probability
D ≤ DtvΨ =
(QΨ − δ)2qa(τ)qb(τ)
4[1−
√
qa(τ)qb(τ)]2ρ44
. (33)
Here DtvΨ is the threshold critical value with a shift of
δ = Ctv/
√
qa(τ)qb(τ) comparing to the CD tolerable crit-
ical value DtΨ, and it is also only controlled by the initial
entanglement QΨ and ρ44. The behavior of D
tv
Ψ is illus-
trated by the dot-dashed line in Fig. 6 for γa = γb = γ,
τ = 2/3γ and Ctv = 0.1. Regions ii, iii form the TD-
tolerable phase with ttv ≥ τ and regions i, iv, v form the
TD-no-go phase with ttv < τ .
Again, the first type of intuitive and counter-intuitive
disentanglement situations can be identified easily by
comparing different regions separated by the crossing of
a vertical line with various disentanglement critical lines
(similar to Fig. 3). The second type is shown in Fig. 6,
where the counter-intuitive situation is identified by com-
paring regions i and ii that are separated by the crossing
of DtvΨ with line (b). Obviously, states in region ii suffer
earlier CD but experience later TD than states in region
i. Again region iii is the intuitive optimal robust phase
against both CD and TD.
From the above analysis, we conclude for Ψ type of
X-form initial state under phase damping channel, that
various CD and TD phases are manageable through the
initial parameters D, QΨ and ρ44 for any given tolerable
time scale τ .
To this end, we have shown that the pre-management
of disentanglement properties of an X-form state is also
feasible under phase damping channel.
C. Depolarization
The time dependent state of the initial X-form state
ρX(0) under depolarization channel is given in Eq. (10).
The time dependent concurrence can be simply obtained
as C(t) = max{QΦ(t), QΨ(t), 0}, with
QΦ(t) = 2[|ρ14(t)| −
√
ρ22(t)ρ33(t)], (34)
QΨ(t) = 2[|ρ23(t)| −
√
ρ11(t)ρ44(t)], (35)
One then has C(t) = max{QΦ(t), 0} and C(t) =
max{QΨ(t), 0} for Φ and Ψ type of initial matrices re-
spectively.
CD-free condition requires that there is a region of ini-
tial conditions within which QΦ(t) > 0 for any t < ∞.
We check the limiting case when t → ∞, and find that
QΦ(t)→ −1/2, which obviously indicates that CΦ(t) = 0
at finite time. That is, there is no CD-free region for
Φ type of initial matrices under depolarization channel.
Similarly, it can be shown that Ψ type of matrix doesn’t
contain an CD free-region either. Thus, in the following
two subsections we analyze the CD-tolerable, CD-no-go,
TD-tolerable, and TD-no-go phases for Φ and Ψ type of
initial states respectively.
1. Φ type of X-form initial state
For Φ type of X-form initial state, one has C0 = QΦ.
The matrix positivity requires QΦ/2 ≤ x14 − x23. Again
we can transform this restriction in terms of the double
excitation probability, i.e., DminΦ ≤ D ≤ DmaxΦ , where
the physical boundaries DminΦ and D
max
Φ are the same as
given in (17). The behaviors of these two boundaries are
illustrated again in Fig. 7 by the upper red and lower
blue solid lines respectively.
From (34), the CD onset condition can be obtained as
|ρ14(t)| =
√
ρ22(t)ρ33(t). Similar to the reason shown
in (19), it is extremely difficult if not impossible to ob-
tain analytic solution of CD time for general reservoir
interactions. Here we consider the inverse problem and
express the CD tolerable condition tCD ≥ τ in terms of
the double excitation probability, i.e.,
D ≤ DtΦ =
α− β −
√
(α+ β)2 − 4η
2[f2(τ)− f3(τ)] , (36)
where α = ρ22f4(τ) + ρ33f1(τ) + f2(τ)(1 − y23), β =
ρ22f1(τ) + ρ33f4(τ) + f3(τ)(1 − y23), and η = [QΦ/2 +
x23]
2|f0(τ)|2. One notes that DtΦ is controlled by the
initial system parameters: ρ22, ρ33, and QΦ for a given
tolerable time scale τ .
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FIG. 7: Disentanglement phase diagram with respect to dou-
ble excitation probability D and entanglement QΦ (C0) for Φ
type of X-form initial state under depolarization channel. The
CD-tolerable critical value DtΦ is illustrated by the dashed
lines (a) and (b) for τ takes 1/5γ and 11/36γ respectively.
The TD-tolerable critical value DtvΦ is illustrated by the dot-
dashed line for τ = 1/5γ and Ctv = 0.1. For τ = 1/5γ, the
yellow zone (regions i, ii, iii and iv) and red zone (region
v) are CD-tolerable (caution) and CD-no-go (danger) phases
respectively. Regions ii and iii form the TD-tolerable phase,
regions i, iv, v form the TD-no-go phase, and region iii is the
optimal robust phase.
We now make the assumption pk(t) = 1 − e−γkt with
k = a, b, and take γa = 5γb = γ for convenience. The CD-
tolerable critical value DtΦ is then illustrated in Fig. 7 by
the dashed lines (a) and (b) for τ equals 1/5γ and 11/36γ
respectively. Taking τ = 1/5γ as an example, the yellow
zone (regions i, ii, iii, iv) is the CD-tolerable phase with
tCD ≥ τ , and the red zone (region v) is the CD-no-go
phase with tCD < τ . Again, the yellow CD-tolerable
region will decrease with the increase of γa, γb, τ , see
for example a lager value of τ = 11/36γ indicated by
line (b). The crossings of the CD-tolerable critical line
with the maximum and minimum physical boundaries
can be obtained by solving the equations DtΦ = D
max
Φ
and DtΦ = D
min
Φ .
We now consider the threshold disentanglement pro-
cess, which requires QΦ(τ) ≥ Ctv. It can be transformed
into a restriction of the double excitation probability
D ≤ DtvΦ =
α− β −
√
(α+ β)2 − 4η′
2[f2(τ) − f3(τ)] , (37)
where η′ = [(QΦ/2 + x23)f0(τ) − Ctv/2]2 with a Ctv/2
shift from the CD-tolerable critical value DtΦ. One notes
that DtvΦ is also controlled by the initial system parame-
ters ρ22, ρ33, and QΦ.
The behavior of DtvΦ is illustrated by the dot-dashed
line in Fig. 7 for τ = 1/5γ and Ctv = 0.1. Regions ii, iii
is the TD-tolerable phase with ttv ≥ τ and regions i, iv,
v is the TD-no-go phase with ttv < τ .
The first type of intuitive and counter-intuitive disen-
tanglement situations can be identified easily by compar-
ing different regions separated by the crossing of a verti-
cal line with various disentanglement critical lines (sim-
ilar to Fig. 3). Fig. 7 shows explicitly the second type.
The counter-intuitive situation is identified by comparing
regions i and ii that are separated by the crossing of the
TD-tolerable critical line DtvΦ and CD-tolerable critical
line (b). One notes that although region ii suffer earlier
CD than region i, it reaches TD later. Region iii is the
intuitive optimal robust phase against both CD and TD.
Thus we have shown, for Φ type of X-form initial state
under depolarization channel, that there is no CD-free re-
gion, and the CD-tolerable, CD-no-go, TD-tolerable, TD-
no-go, and the optimal robust phases are pre-manageable
through the initial system parameters D, ρ22, ρ33, and
QΦ when the tolerable time scale τ is given.
2. Ψ type of X-form initial state
For Ψ type of X-form matrix one has C0 = QΨ. The
matrix positivity requires QΨ/2 ≤ x23 − x14. Again we
consider the physical restriction in terms of the single
excitation probability S = ρ22 = ρ33, and have S
min
Ψ ≤
S ≤ 1/2, where the minimum boundary SminΨ is the same
as given in (22). Its behavior is illustrated again in Fig. 8
by the blue solid line as a function of QΨ.
From (35), the CD onset condition is obtained as
|ρ23(t)| =
√
ρ11(t)ρ44(t). Again, it is extremely diffi-
cult to obtain analytic solutions of CD time from this
equation. So we consider the inverse problem, and trans-
form the CD tolerable condition tCD ≥ τ in terms of the
single excitation probability bounded by its CD-tolerable
critical value StΨ, i.e.,
S ≤ StΨ =
−µ+
√
µ2 − 4λν
2λ
, (38)
where we have set λ = [f2(τ) + f3(τ)]
2, µ = y14[f1(τ) +
f4(τ)][f3(τ) + f2(τ)], and ν = ξ−χ with ξ = [ρ11f1(τ) +
ρ44f4(τ)][ρ11f4(τ)+ρ44f1(τ)], χ = [QΨ/2+x14]
2|f0(τ)|2.
One sees that StΨ is controlled by the system initial pa-
rameters: ρ11, ρ44, and QΨ for a given tolerable time
scale τ .
For demonstration, we make the assumption pk(t) =
1 − e−γkt with k = a, b, and take for convenience γa =
γb = γ as an illustration. Then the CD-tolerable critical
value StΨ is illustrated in Fig. 8 by the dashed lines (a)
and (b) for τ equals 1/9γ and 1/6γ respectively. Taking
τ = 1/9γ as an example, the yellow zone (regions i, ii,
iii, iv) is the CD-tolerable phase with tCD ≥ τ , and the
red zone (region v) is the CD-no-go phase with tCD < τ .
Again, the yellow CD-tolerable region will decrease with
the increase of γa, γb, τ , see for example a lager value of
τ = 1/6γ indicated by the dashed line (b). The crossings
of the CD-tolerable critical line with the maximum and
minimum physical boundaries can be achieved by solving
the equations StΨ = S
max
Ψ and S
t
Ψ = S
min
Ψ .
11
0
0
S
QΨ Q
max
Ψ
S minΨ
i
iii
ii
iv
v
(a)
(b)
FIG. 8: Disentanglement phase diagram with respect to sin-
gle excitation probability S and entanglement QΨ (C0) for
Ψ type of X-form initial state under depolarization channel.
The CD-tolerable critical value StΨ is illustrated by the dashed
lines (a) and (b) for τ takes 1/9γ and 1/6γ respectively. The
TD-tolerable critical value StvΨ is illustrated by the dot-dashed
line for τ = 1/9γ and Ctv = 0.1. For 1/9γ, the yellow zone (re-
gions i, ii, iii and iv) and red zone (region v) are CD-tolerable
(caution) and CD-no-go (danger) phases respectively. Re-
gions ii and iii form the TD-tolerable phase, regions i, iv , v
form the TD-no-go phase, and region iii is the optimal robust
phase.
The threshold disentanglement process requires
QΨ(τ) ≥ Ctv. It can be transformed into a restriction
of the single excitation probability
S ≤ StvΨ =
−µ+
√
µ2 − 4λν′
2λ
(39)
where ν′ = ξ−χ′ and χ′ = [(QΨ/2+x14)f0(τ)−Ctv/2]2
with a Ctv/2 shift from S
t
Ψ. Obviously it is also deter-
mined by the initial parameters ρ11, ρ44, and QΨ.
The behavior of StvΨ is illustrated by the dot-dashed
line in Fig. 8 for τ = 1/9γ and Ctv = 0.1. The zone
(regions ii, iii) is the TD-tolerable phase with ttv ≥ τ
and the zone (regions i, iv, v) is the TD-no-go phase
with ttv < τ .
Again, first type of intuitive and counter-intuitive dis-
entanglement situations can be identified easily by com-
paring different regions separated by the crossing of a
vertical line with various disentanglement critical lines
(similar to Fig. 3). Fig. 8 shows explicitly the second
type. i and ii form a pair of counter-intuitive regions,
where states with earlier (later) CD counter-intuitively
reach TD later (earlier). Region iii is the intuitive opti-
mal robust phase against both CD and TD.
Now we can conclude that for Ψ type of X-form initial
state under depolarization channel, there is no CD-free
region, and the CD-tolerable, CD-no-go, TD-tolerable,
TD-no-go phases are manageable through the initial sys-
tem parameters S, ρ11, ρ44, and QΨ when the tolerable
time scale τ is given.
To this end, we have shown explicitly for X-form initial
state ρX(0), its various CD and TD phases are manage-
able through several initial parameters under amplitude
damping, phase damping, and depolarization channels.
In the next section we will extend this result further to
generic two-qubit initial states.
IV. DISENTANGLEMENT PHASES FOR
GENERIC MIXED STATES
We now analyze the CD and TD properties of the
generic initial state (1) under all three channels. First
we discuss some evolution properties of the state. The
generic time dependent state is obtained in (4), and it
can always be expressed as
ρ(t) =


ρ11(t) ρ12(t) ρ13(t) ρ14(t)
ρ21(t) ρ22(t) ρ23(t) ρ24(t)
ρ31(t) ρ32(t) ρ33(t) ρ34(t)
ρ41(t) ρ42(t) ρ43(t) ρ44(t)

 . (40)
Obviously, such a time dependent state can always be
decomposed into a sum of an X-form matrix X(t) and
an O-form matrix O(t), i.e.,
X(t) =


ρ11(t) 0 0 ρ14(t)
0 ρ22(t) ρ23(t) 0
0 ρ32(t) ρ33(t) 0
ρ41(t) 0 0 ρ44(t)

 , (41)
and
O(t) =


0 ρ12(t) ρ13(t) 0
ρ21(t) 0 0 ρ24(t)
ρ31(t) 0 0 ρ34(t)
0 ρ42(t) ρ43(t) 0

 . (42)
Note that in general the evolutions of X(0) and O(0)
may have cross dependence, e.g., X(t) may depend on
the non-zero initial matrix O(0). Therefore X(t) may
not necessarily be identical to the time evolution state
ρX(t) analyzed in previous sections.
A. Independent evolutions of X(0) and O(0)
It is well known (see examples in Refs. [13, 19–24]) and
is also explicitly shown in Section II, that the evolution
of an X-form initial state ρX(0) retains the X form under
all three channels. Here we check whether this property
is preserved for the X-form component X(0) of a generic
state (1).
For amplitude damping channel, the corresponding
Kraus operators in Eq. (5) are used to obtain the generic
time dependent state (40). It is easy to show that the
X-form time dependent component (41) is exactly the
same as what is given in (6), which depends only on the
initial X-form matrix X(0). In addition, the matrix ele-
ments of the time dependent O-form component (42) are
given as ρ12(t) = ρ
∗
21(t) = qa
√
qbρ12, ρ13(t) = ρ
∗
31(t) =
12
qb
√
qaρ13, ρ24(t) = ρ
∗
42(t) =
√
qaρ24 + pb
√
qaρ13, and
ρ34(t) = ρ
∗
43(t) =
√
qbρ34+ pa
√
qbρ12, which depend only
on the initial O-form component O(0).
Similarly for phase damping channel, it is calculated
that X(t) is exactly the same as in (8), and the O-form
matrix elements in (42) are given as ρ12(t) = ρ
∗
21(t) =√
qbρ12, ρ13(t) = ρ
∗
31(t) =
√
qaρ13, ρ24(t) = ρ
∗
42(t) =√
qaρ24, ρ34(t) = ρ
∗
43(t) =
√
qbρ34. Obviously, the evolu-
tions of X(0) and O(0) have no cross dependence.
Finally for the depolarization channel, the time depen-
dent X-form matrix (41) is found to be exactly the same
as Eq. (10), which has no dependence on O(0). Also the
elements of the time dependent O-form matrix (41) have
no dependence on X(0), and are obtained as


ρ12(t)
ρ13(t)
ρ24(t)
ρ34(t)

 =


f5(t) 0 0 f6(t)
0 f7(t) f8(t) 0
0 f8(t) f7(t) 0
f6(t) 0 0 f5(t)




ρ12
ρ13
ρ24
ρ34

 ,
(43)
where we have defined f5(t) = qaqb − qapb/3 + paqb/3 −
papb/9, f6(t) = 2paqb/3−2papb/9, f7(t) = qaqb+qapb/3−
paqb/3− papb/9, and f8(t) = 2qapb/3− 2papb/9.
Thus we have shown, for a generic initial state (1)
under all three channels, that the evolutions of com-
ponents X(0) and O(0) are indeed independent of each
other, i.e., for the time dependent components (41) and
(42) one has X(t) =
∑4
i=1Ki(t)X(0)K
†
i (t) and O(t) =∑4
i=1Ki(t)O(0)K
†
i (t) respectively. This property plays
a key role in our subsequent discussion of entanglement
lower bounds.
B. Disentanglement phases and pre-management
According to Refs. [32, 33], the concurrence for the
static initial generic state (1) is no less than that of its
X-form component (2), i.e., C[ρ(0)] ≥ C[X(0)]. Since
we have shown in the previous subsection that all three
quantum channels allow independent evolutions of the
X-form and O-form initial components, the static lower
bound relation can then be extended straightforwardly
to the time dependent state ρ(t) = X(t) +O(t), i.e.,
C[ρ(t)] ≥ C[X(t)], (44)
This means the time dependent concurrence of ρ(t) is
always no less than that of its X-form component at any
time t. Consequently, the arbitrary state ρ(0) will always
reach CD and TD no earlier than its X-form component
X(0), i.e., ρX(0).
This implies that the exact CD-free (Df
Φ
), CD-
tolerable (DtΦ), and TD-tolerable (D
tv
Φ ) critical condi-
tions for the X-form state ρX(0) simply provide lower
bounds for the corresponding exact critical values Df
′
Φ
,
Dt
′
Φ, D
tv′
Φ of the entire state ρ(0). See Fig. 9 for a
schematic illustration by the dotted lines. Here we have
0 QΦ QΦ
max
D
iii
DΦ
f’
DΦ
t’
DΦ
tv’
FIG. 9: Schematic illustration of disentanglement phases for
the generic initial state (1) under amplitude damping chan-
nel. The CD-free (Df
′
Φ
), CD-tolerable (Dt
′
Φ ) and TD-tolerable
(Dtv
′
Φ ) critical values are schematically illustrated by the dot-
ted lines, which are lower bounded by the corresponding crit-
ical lines for the X-form initial state.
taken Φ type of generic state ρ(0) under amplitude damp-
ing channel as an example. Various CD and TD phases
of the generic state ρ(0) are determined by the dotted
critical lines. One notes from Fig. 9 that the CD-free,
CD-tolerable, TD-tolerable, as well as the optimal ro-
bust (region iii) phases for ρ(0) are lower bounded by
the corresponding phases of ρX(0). Similar analysis can
be applied to Ψ type of ρ(0), as well as other type of
decay channels.
The key information here is that these exact critical
conditions for the X-form state ρX(0) are sufficient con-
ditions to guarantee the arbitrary entire state (1) to be
CD free, CD tolerable, TD tolerable, and optimal robust
respectively. In this sense, the pre-management of disen-
tanglement properties of the complex generic state ρ(0)
under all three quantum channels can be simply realized
by managing just a few parameters that explicitly de-
termine the corresponding disentanglement phases of its
X-form component ρX(0).
V. SUMMARY AND DISCUSSION
In summary we have investigated a new type of dis-
entanglement prevention method, i.e., pre-management
with limited partial resources of initial conditions, for
a generic two-qubit system that undergoes three typical
decoherence channels. The process of threshold disen-
tanglement (TD) is analyzed for the first time, and its
intuitive and counter-intuitive connections to initial en-
tanglement and to complete disentanglement (CD) phe-
nomenon are analyzed explicitly. Our analysis illus-
trates systematically the fundamental connections be-
tween open system initial conditions and its disentan-
glement properties. At the same time, it may also serve
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as guidance to experimental preparation of robust entan-
gled states.
The disentanglement properties of a general X-form
initial state are demonstrated with various exact CD and
TD phases in terms of just a few initial parameters, i.e.,
concurrence and excitation probabilities. These disentan-
glement phases are shown to have provided lower bounds
for the corresponding phases of a generic two-qubit initial
state. In this way, the initial parameters of the X-form
component amount to a set of management tools that can
tune the generic and complex state into particular phases
with preferred disentanglement properties. The nature of
phase analysis allows a well defined amount of margin for
errors in practical imprecise state preparations.
Our treatment of solving initial conditions for a pre-
scribed time scale τ has avoided much of the difficulty in
determining the timing of CD and TD, and thus is capa-
ble to deal with many complex situations (e.g., generic
two-qubit decay under non-symmetric amplitude damp-
ing and depolarization channels) that couldn’t be solved
analytically in previous studies. Such analysis is well
grounded by practical situations when a desired disen-
tanglement time scale is pre-determined by quantum in-
formation tasks.
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